Introduction
Geometrical representation and parametrization are crucial issues whose importance is often neglected in the wing profile design process. In fact, in a design o&imization process, the geometric definition of the wing profiles and of the wing is directly linked to the number of design variables. A method which reduces the number of parameters involved in the geometric representation of a two-dimensional airfoil profile can simplify the design process.
In the present paper, the efficiency of NURBS (nonuniform rational B-splines) will be investigated systematically for the geometric representation of airfoil profiles and for their aerodynamic optimization. A methodology developed for the approximation of a given airfoil profile will provide an initial guess for the aerodynamic optimization. The initial approximation is obtained by solving an optimization problem where the objective function is the error of the representation. This methodology reduces the number of design variables needed to represent the airfoil.
.The paper is organized-as follows. In-section-1 the reasons why NURBS are a good candidate for geometric representation in airfoil design optimization are given and the method of representation using NURBS and its characteristics is described. In section 2, the 1 methodology used to approximate various known profiles with an optimized NURBS curve is briefly explained and results are preSented which demonstrate the efficiency of the method in reducing the number of design parameters required while at the same time ensuring the smoothness of the profiles. Finally, in section 3 examples of wing aerodynamic optimization using the NURBS representation are presented which show the advantages of the method for wing design.
Characteristics of NURBS

F3
In the field of wing design optimization, the most common methods of geometric representation are BBzier curves, B-splines and NURBS. It is not surprising that BBzier curves are often used because this was the first interpolation method developed to use control points. 'j2 Furthermore, the method is simple to implement, and moving the control points allows for easy, and visual, shape modification. Nevertheless, BBzier curves have two major disadvantages: first, they cannot represent tonics exactly; and, second, their parameterization is global, which means that when a control point is moved the whole curve is modified. B-splines use the concept of control points introduced by BQzier, but the interpolation functions are more complex, with local characteristics such that the displacement of a control point induces only a local modification of the curve. Though tonics cannot be represented with B-splines, this method has often been used in recent publications.3-5 NURBSl are an extension of B-splines, using fractions of the same interpolation functions. Those fractions are weighted by a coefficient (weight) assigned to each control point. So, the family of curves that can be represented with NURBS is much wider than that with B-splines or B6zier curves, and also includes conits. Extended definitions and algorithms connected with NURBS can be found in Ref. Figure  1 displays an example of a 6-control-point NURBS curve with the corresponding basis functions shown in Figure 2 . In this example, the knot vector is -to, (40, :, +,g, 1,1,11, as shown by the break points displayed in both figures. As can be seen in Figure 2 , the basis functions are equal to zero everywhere except on an interval delimited by the break points, the length of which depends on the order p. This interval defines the area of influence of the corresponding control point.
where Pi are the control point coordinates, wi their respective weights, iVi,P the p-th degree B-spline basis functions and X(u) the position of a point on the curve. The basis functions are obtained through a 'NURBS computations presented in this article have been made using the C++ class library Pirate: http://www.cerca.umontreal.ca/pirate/ 2 Initial approximation of an airfoil profile
The approximation of a given airfoil profile with a NURBS proceeds in two 'steps: first, an initial guess is made for the approximation; second, the positions and weights of the control points are optimized to improve the approximation. For the optimization, the quasi-Newton BFGS method is used, with an objective function evaluating the approximation error.
Approximation error
The computation of the approximation error is illustrated in Figure 3 . The distance dk between the approximation and the target is computed in n locations, allowing the computation of the average approximation error: 1 n caverage = ; c & k=l and the maximal approximation error:
Then, an objective function is defined as a combination of both errors:
where X is the vector of design variables, containing the positions and weights of the NURBS control points. The factor 2 is introduced in order to obtain the same order for the two terms. If the target profile is defined by points, these points are used as the locations for evaluating the distances.
Initial approximation and optimization
The choice of the initial guess is crucial if the approximation method is to be reliable and efficient. Indeed, the objective function of such a problem is strongly non-linear, so that the optimizer is most likely to stagnate, or to converge towards a local minimum, if the initial guess is too far from the solution.
A robust methodology has been developed for this purpose which involves choosing the positions of the initial points according to the curvature of the target profile. Details have been given in Ref. 7 and 8. This method consists in using the curvature as a concentration function to select as many points on the profile as are required to define the NURBS. A good initial guess is obtained by interpolating these points with a non-uniform B-spline, which is a NURBS with weights equal to 1. The method used to construct the initial M points B-Spline which pass through the initially selected M points on the airfoil is described in Ref.6. Initial approximation of a BombardierCanadair airfoil with 9 control points Figure 4 displays the initial non-optimized B-spline approximation of a Bombardier-Canadair airfoil and the positions of its control points. The target airfoil has been superimposed on the drawing, illustrating the precision of the approximation even before its control point positions and weights have been optimized.
2.3
Airfoil profile approximation
Starting with a reasonably good initial approximation, an optimization algorithm is used to improve the approximation. The optimizer used is a version of the BFGS quasi-Newton method.gl10 Details can be found in Ref. 7 and 8.
Different profiles have first been approximated using an optimized NURBS representation so as to determine the number of control points that could represent any wing section with sufficient accuracy. The following profiles are representative of our tests: The precision required for a good approximation has been studied in Ref. 8 . A precision of 8~10~~ for an airfoil of chord 1 has been found sufficient based on the sensitivity of the flow solver to the geometric definition. The number of control points needed to reach this precision has been evaluated for selected airfoil profiles. The errors for a 13 control point NURBS approximation are shown in Table 1 . istics of the profile is also shown in Figure 6 . The global aerodynamic optimization process is As shown in the previous section, the proposed based on the quasi-Newton BFGS method minimizgeometrical representation for airfoils results in few ing an objective function computed as illustrated in design parameters which significantly reduces the risk Fig. 7 . Derivatives of the objective function are comof noise. The method is thus expected to make the puted using finite differences. The objective function aerodynamic optimization process significantly easier computes the error between the current airfoil pres-. This section will present examples of such aerodysure distribution computed using a BGK flow solver namic optimization in 2-D and 3-D.
and the target pressure distribution. A vector of deWing design optimization can be achieved by two sign parameters contains the NURBS control points main means. The first one is the direct method, whose coordinates as well as the weights. In this example goal is to optimize global characteristics of the profile only the upper surface of the airfoil is to be modified (for example, the lift to drag ratio). This method so that only the y coordinates and the weights of seis quite difficult to implement because it is not easy lected control points are 'modified resulting in a total to control the shape modifications and to avoid unof 11 design variables. realistic profiles. Examples of such optimizations can To give some comparison, the optimization has also be found in Ref. 1,2,12,13 . On the other hand, the been conducted in parallel using a 160-point defini- indirect method, which consists in setting target pressure coefficients and finding the corresponding profile, leads to more realistic profiles. This method is often used even if the definition of the ideal pressure distribution is by itself a tricky problem.3-5>14-17 The examples of aerodynamic optimization displayed in this section are based on the indirect method.
Two-dimensional optimization
The indirect method consists in defining an objective for the aerodynamic design in terms of a pressure coefficients (C,) distribution on the airfoil section. Figure 6 displays the initial C, curve, computed for the Bombardier-Canadair profile at Mach=0.735 (Figure 5(b) ) with the flow solver BGK1*$i9 solving the potential equations coupled with a boundary layer analysis. The target pressure distribution that has been specified to improve the aerodynamic character- tion added with airfoil shape functions, introduced by Hicks and Vanderplaats. 2o The number of shape functions (also called bumps) has been limited to 11 to keep the same number of design parameters as in the NURBS optimization. The convergence of the optimization process is presented in Figure 8 . At first sight, it could be thought that the bumps method performs better than the NURBS method because its convergence is faster considering the number of iterations. However, two facts have to be taken into account. First, each interruption in the bumps curve corresponds to a human intervention to restart the optimizer with new bumps characteristics. Without these interventions, a realistic solution is difficult to obtain. The need for human interventions makes the design process considerably more complicated. Second, the bumps method introduces significant noise to the airfoil definition, so that the airfoil geometric definition has to be smoothed at the end of the optimization.
The smoothing operation is not only time consuming but also the smoothing process may diminish the gains achieved during the optimization process. This is illustrated in Fig.8 which shows that the objective function obtained with the bumps method after smoothing approches the NURBS objective function. The curvature of the optimized profiles is shown in Fig.9 . Significant noise is observed on the airfoil extrado in the region of the shock for the bumps solution, and noise is still present after the smoothing process. On the contrary, the NURBS method has led without any human intervention to a satisfactory solution free of noise. The obtained pressure distributions are shown in Figure 10 . Note that the NURBS optimized profile leads to a much smoother flow close to the leading optimization, as well as a magnification of a part of the upper surface. On one hand, the small magnitude of the profile modification during the optimization process indicates the sensitivity of the aerodynamic design problem. On the other hand, it can be seen that both methods have led to rather different solu-\I tions in the shock region, which has been magnified in Fig.llb . In this close-up region, it can be observed that there is a jump in the bumps method solution. This jump is an artificial way for the optimizer to impose the position of the shock but this leads to a loss of smoothness for the profile, which can also be seen in Figure 9 . This non-smoothness can damage the performance of the profile at off-design conditions. This is a) Whole profile confirmed in Figure 12 showing the pressure distribution on both solution profiles for Mach numbers equal to 0.6 and 0.8, compared to 0.735 for the design point.
NURBS solution Bumps solution .....
Indeed, at the location of the break on the bumps solution, the pressure distribution is not smooth contrary to the NURBS solution. This illustrates that the NURBS solution leads to a more realistic profile because the geometric representation has a better built in control on the smoothness of the airfoil. This example shows the two significant advantages of our method for aerodynamic optimization: it allows a faster and more automatic design process and it naturally constrains the profile to have good regularity properties.
Three-dimensional optimization
The same method is now applied to optimize a three-dimensional wing. The wing is defined by 7 airfoil profiles with a linear interpolation in the spanwise direction. Each section is defined by 13 NURBS control points and 11 parameters are chosen for the optimization among the control point coordinates and weights. As a consequence, the complete problem contains 77 design variables. procedure runs without any problem whereas no satisfactory solution has been obtained using the bumps method. Indeed, the three-dimensional flow is very sensitive to noise in the definition of geometry so that it is very difficult to make the bumps method converge. As in the previous example, the objective function is based on a target pressure distribution set at each of the 7 sections so as to improve the wing performance. The pressure distribution is computed with the small perturbation flow solver KTRAN for a Mach number equal to 0.8. Initial and final C, curves, as well as target pressure distributions that have been used for optimization are displayed in Figure 13 . The target C,distribution was chosen such that the shock at the wing root is eliminated and the shock at the outboard stations is moved closer to the leading edge of the wing.
The summary of the convergence is displayed in Figure 14 . As shown by this figure, when using the NURBS representation for profiles, the optimization The effectiveness of the method is also emphasized in Figure 15 which compares the sections profiles and the pressure before and after optimization on the upper surface of the wing. As can be seen, the shock strength has been significantly reduced owing to the modification of the seven airfoil profiles. Of course, the objective pressure distribution has not been reached exactly. However, the improvement of the wing aerodynamic performance is very significant. Furthermore, the wing geometry has remained very smooth during the optimization owing to its NURBS definition and to the low number of design variables. The modification of the airfoil profile at the wing root is the most significant one. It should be note that using the bumps optimization method can hardly result Owing to the preliminary optimization of the number of design parameters, i.e. the number of control points, an accurate definition of the complete wing has been obtained with very few design variables. This ensures a fast optimization procedure and a noiseless solution. In the case of the bumps method, having an equivalent accuracy requires a greater number of parameters, which inevitably introduces noise.
Conclusion
In this work, NURBS have been shown to constitute a very appropriate method of geometric representation for wing design optimization because of their geometric properties. In particular, owing to an optimization process, NURBS have been shown to be capable of accurately representing a large family of airfoils with 13 or less control points. This method has various advantages: first, it minimizes the number of variables involved in the process of wing section design; second, it constrains the profile to a natural smoothness; third, a NURBS representation with 13 control points can be used for design optimization without reducing the range of available profiles.
When applied to aerodynamic optimization, the method reveals itself very powerful. Realistic solutions are computed with few iterations owing to the low number of design variables and to the smoothness of the geometry which improves the convergence of the optimization process. a) C, of the optimized profiles for Machz0.6 b) C, of the optimized profiles for MachE0.8 
